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We extend to all regular matroids the fact that the chromatic number of a graph 
is k or less, when all vertex degrees are less than k. If there is a covering of a 
regular matroid by cocircuits of cardinality less thank, then the chromatic number 
of the matroid is lc or less. A similar result holds for the critical exponent of a 
vector matroid over GF(q). 
It is well known that a finite graph is k-colorable when all vertices (except 
possibly one) have degrees less than k (see Theorem 17A in [4]). The polygon 
matroid of a finite graph is reguIar and orientable (see Sections 31, 32 in [4])* 
The characteristic polynomial P(M; A) of a matroid M on a set S is defined by 
where 1 A 1 is the cardinality of the subset and r(A) is its rank. If M is the 
polygon matroid of a connected graph G, then AP(M; A) equals the chromatic 
polynomial of G. We shall say that M is k-colorable when P(M; k) > 0. 
A graph G is k-colorable precisely when its polygon matroid M is k-colorable. 
The star of a vertex in a nonseparable graph G is a cocircuit of its polygon 
matroid. It is now obvious that the following theorem generalizes the above 
mentioned well-known result about graphs. 
THEOREM 1. Let A4 be a regular matroid on the set S. If there is a covering 
of S by cocircuits of M, each of cardinality less than k, then A4 is k-colorable, 
ProoJ We shall apply a theorem by Crapo (Theorem III in [2], or 
Theorem 12.4 in [I]) by which P(M; k) for a regular matroid M equals the 
number of nowhere zero A-cocircuits, where A is an Abelian group of order k. 
We prove the existence of a nowhere zero A-cocircuit and conclude then that 
M is k-colorable. 
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A regular matroid is orientable in the following sense (see [2, p. 2261). 
Consider the incidence matrices C,, and D0 defined by 
C@(X, e) = 1 if e E X, where X is a circuit of M, 
=o otherwise; 
D,,(Y, e) = I if e E Y, where Y is a cocircuit of M, 
c=z 0 otherwise. 
M is said to be orientable if and only if there exists an assignment of signs & 
to the entries of C0 and D,, forming matrices C and D such that each row of C 
is orthogonal to each row of D over the real number field. 
Let the entries of the ith row of D be &(e), e ES (i = l,..., rrz). An A- 
cocircuit is a function 8 S + A of the form j(e) = xEI di(e) a6, where 
ai E A (i = l,..., PZ). Assume that S = uycI Yi is a covering of S by cocircuits 
Yi of sizes less than k. We shall prove the existence of a nowhere zero 
A-cocircuit. 
Choose al # 0 and assume that we have found ai E A for i = I,..., v such 
that 
f f&(e) ai # 0 when e E fi Yd. (11 
i=l 6=1 
If v < n choose av+l E A such that 
which is possible since 1 Yv+l 1 < k = 1 A 1. Now (I) holds with v + I in 
place of 21. The existence of a nowhere zero A-cocircuit follows by induction 
when ZJ = I,..., n. We conclude by Crapo’s theorem that the matroid M is 
k-colorable, which was to be proved. 
We shall indicate another application of this proof technique. Let S be a 
set of nonzero vectors in a vector space Vn over the finite field GF(q). A 
k-tuple (& , Lz ,..., L,<!) of linear functionals on Vn is said to distinguish S 
if for every e ES there is at least one Li (I < i < k) for which Li(e) # 0. 
The least number of linear functionals which distinguish S is called the 
critical exponent of S (cf. [3, p. 16.21). We now have 
THEOREM 2. If there is a couering of the uector matroid S by cocircuits, 
each of cardinality less than qk, then the critical exponent of S is at most k. 
ProoJ Let A be the vector space of k-tuples of elements from GF(q). The 
complement S - Yi of a cocircuit Yi of the matroid is a hyperplane of the 
matroid, which is contained in a hyperplane Hi of Vn such that Hi n Yi = .@. 
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Let Hi be the zero set of the linear functional di (i = l,..., a). Choose 
aI ,..., u,, E A as in the proof of Theorem 1. Then & diui is a k-tuple of 
linear functionals (each a linear combination of dl ,..., da) which distinguishes 
s. 
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